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VILENKIN-FEJER MEANS 
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Abstract. The main aim of this paper is to find necessary and suf¬ 
ficient conditions for the convergence of Fejer means in terms of the 
modulus of continuity on the Hardy spaces H p , when 0 < p < 1/2. 
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Let N+ denote the set of the positive integers, N := N+ U {0}. 

Let m := (mo,mi,...) denote a sequence of the positive integers not less 
than 2. 

Denote by 

^mj. •— {Oi I; tti.fc 1} 

the additive group of integers modulo mk- 

Define the group G m as the complete direct product of the group Z mj 
with the product of the discrete topologies of Z mj ‘s. 

The direct product fi of the measures 

Mfe ({j}) := 1 /m k (. j G Z mk ) 

is the Haar measure on G m with y, ( G m ) = 1. 

If the sequence m := (mo,mi,...) is bounded than G m is called a bounded 
Vilenkin group, else it is called an unbounded one. In this paper we 
discuss bounded Vilenkin groups only. 

The elements of G m represented by sequences 

x := (x 0 ,xi, ...) (x k £Z mk ). 

It is easy to give a base for the neighborhood of G m 

h (®) •— Gm,i 

I nip) := {y € G m I y 0 = xq ,..., y n -i = x n -i} (x 6 G m , n G N). 
Denote I n := I n (0), for n £ N and I n := G m \ I n . Set 

&n '■= (0,..., 0,1,0,...) G G m , 

the 7r-th coordinate of which is 1 and the rest are zeros (n G N). 


The research was supported by Shota Rustaveli National Science Foundation grant 
no.52/54 (Bounded operators on the martingale Hardy spaces). 
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If we define the so-called generalized number system based on m as Mo := 
1, Mfc + 1 := mfcMfc ( k E N) then every n E N can be uniquely expressed as 
n = Y,kLo n j^j- where rij € Z m . (j E N) and only a finite number of rij‘ s 
differ from zero. Let \n\ := max {j E N, rij 7 ^ 0}. 

Denote by L\ (G m ) the usual (one dimensional) Lebesgue space. 

Define the complex valued function (x) : G m —> C, the generalized 
Rademacher functions as 

rfc ( x ) := exp (2iuxk/rrik) (t 2 = —1, x E G m , k E N) 

Now dehne the Vilenkin system t/j := (tp n : n E N) on G m as: 

00 

ipn(x) ■= n r1 k (x) (n E N) 

k =0 

Specihcally, we call this system the Walsh-Paley one if m = 2. The 
Vilenkin system is orthonormal and complete in L 2 (G m ) [T[ I21| . 

If / E L\ ( G m ) we can establish the the Fourier coefficients, the partial 
sums of the Fourier series, the Fejer means, the Dirichlet and Fejer kernels 
in the usual manner: 


m : 

= / fipkd/J-, 
Jg 


( n E N) 



Snf : 

n —1 

= '527 ( k ) i>k 

5 

(n E N+, Sof 

' := 0), 



k=0 


71—1 

:= 52 ’ 



&nf ■ 

n 

= 7j2s k f, 

n z ' 

D n 

An := 

1 n 

-52°k , («£»+)■ 


k =1 


k=0 


fe=i 

Recall that 





(1) 

D M n {■ 


if x E 
if x ^ 

In 

In 

Let qA = 

M 2 A + M 2 A -2 

+ • 

,. + M 2 + Mo 

, 2 < A E N + . Then (see [2l|9|) 

(2) q A - 

1 \ K qA-l( X )\ > 

M‘2kM2s 

-, tor x 

4 

€ hs+i 

{S2k^2k + S2ie2l) , 

where 1 < 

S2k < rU2k ~ 

1 and 1 < S 2 s 

< rn 2s 

— 1, A; = 0,1,..., A - 3, 

s = k + 2, k 

: + 3,..., A — 1. 






The norm (or quasinorm) of the space L p (G m ) is defined by 



The space L Pt00 (G m ) consists of all measurable functions / for which 

11/IIlp.oo : = su P A p /r (/ > A) < +00 
v A>0 

The u-algebra generated by the intervals {/„ (x) : x E G m } will be denoted 
by Fn (n E N). Denote by / = (/^ n \n E N) a martingale with respect to 
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F n (n £ N) ■ (for details see e.g. [22]). The maximal function of a martingale 
/ is defend by 

r = sup /w . 

nGN 

For 0 < p < oo the Hardy martingale spaces H p (G m ) consist of all 
martingales, for which 


:= II r 


< oo. 


If / = (/ (n) , n € N) is martingale then the Vilenkin-Fourier coefficients 
must be defined in a slightly different manner: 


f (i) := lim 

k—> oo 


[ f {k) 

JG m 


\x) (x) dt/JL (x) 


The concept of modulus of continuity in H p (0 < p < 1) is defined by 


u(l/M n ,f)„ := \\f-S Mn f\\ 


H v 


A bounded measurable function a is p-atom, if there exist a dyadic interval 
I, such that 

ad^j, = 0, Hall^ <^(/)- 1/p , supp(o)c/. 

The dyadic Hardy martingale spaces H p (G) for 0 < p < 1 have an atomic 
characterization. Namely the following theorem is true (see m ): 

Theorem W. A martingale / = (/ n , n £ N) is in H p (0 < p < 1) if 
and only if there exists a sequence (ofc, k € N) of p-atoms and a sequence 
(jUfc, k € N) of a real numbers such that for every n € N 


(3) 


and 


OO 

^ ^ M n ^k = fn 

k =0 


oo 

\Fk\ P < oo, 

k =0 

Moreover, \\f\\ H ^ inf (^^ 0 IA t fe| P ) 1 ^ P > where the infimum is taken over all 
decomposition of / of the form (|5|). 

The weak type-(l, 1) inequality for maximal operator of Fejer means er* 
can be found in Schipp [B| for Walsh series and in Pal, Simon [13J for 
bounded Vilenkin series. Fujji |5j and Simon |16] verified that cr* is bounded 
from H\ to L\. Weisz [23] generalized this result and proved the boundedness 
of a* from the martingale space H p to the space L p for p > 1/2. Simon [15] 
gave a counterexample, which shows that boundedness does not hold for 
0 < p < 1/2. The counterexample for p = 1/2 due to Goginava [6], (see also 
P| and [TO]). Weisz [_25j proved that a* is bounded from the Hardy space 
Hi /2 to the space Ti/ 2 ,oo- 
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The author in [18] and |19] (for Walsh system see [7]) proved that the 
maximal operator a* with respect Vilenkin system defined by 

_. l°Vi| 

P nen (n + i) 1//p_2 log 2 l 1//2+p l (n + 1) 

where 0 < p < 1/2 and [1/2 + p\ denotes integer part of 1/2 +p, is bounded 
from the Hardy space H p to the space L p . Moreover, we showed that the 
order of deviant behaviour of the ra-th Fejer means was given exactly. As a 
corollary we get 

(4) hnfWp <Cp(n+ l) 1 /?" 2 log 2[1/2+pl (n + 1) \\f\\ Hp . 

For Walsh-Kaczmarz system analogical theorems are proved in |8j and 


Moricz and Siddiqi m investigates the approximation properties of some 
special Norlund means of Walsh-Fourier series of L p function in norm. Fridly, 
Manchanda and Siddiqi [4] improve and extend the results of Moricz and 
Siddiqi [12] among them in H p norm, where 0 < p < 1. In [ IT] Goginava 
investigated the behavior of Cesaro means of Walsh-Fourier series in detail. 

The main aim of this paper is to find necessary and sufficient conditions 
for the convergence of Fejer means in terms of the modulus of continuity on 
the Hardy spaces H p , when 0 < p < 1/2. In particular, the following is true: 

Theorem 1. Let 0 < p < 1/2, / £ H p , Mn < n < Mn+i and 


(5) 


Then 


UJ 


1 


M n 


/ =o 


1 


H v 


K MH P ~ 2 N 2] d/ 2 +P\ 


as N — > oo. 


kn/ - /|L o, when n oo. 


Theorem 2. a) Let 0 < p < 1/2 and Mn < n < Mn+ i- There exists a 
martingale f £ H p (G m ) for which 


( 6 ) 


and 


co 


1 


M n 


J 


= o 


1 


H v 


M 


1/P—2 
N 


as N — >■ oo 


oo. 


IK/-/Hl p>00 -^0, as n 
b) Let Mn < n < Mn+ i- There exists a martingale f £ Hi/ 2 (G m ) f° r which 


(7) 


and 


u 


M n 


J 


= o 


H 


1/2 


1 

N* 


as N — > oo 


Wnf - /Hi /2 0, as n —>■ oo. 
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Proof of Theorem 1. Let / E H p , 0 < p < 1/2 and M/v < n < Mjv+i- 
Using (j4j) we have 


I Wnf ~ f\\ P v 


< I Wnf - <T n S MN f \\ P P + I WuSmJ - Su N f \\ p p + || S MN f - ff p 

K 


= I Wn {SmJ - /)«; + ||Sm„/ - f\\ P p + I WnS MN f - S MN f llj 
< C p (n 1_2p log 2p[1/2+p] n + l) UJ P + \WnS Ml ff - S MN f\\ 

By simple calculation we get 

cr n SM N f - S Mff f = ^- ( <JM N S MN f ~ S MN f) ■ 

Let p > 0 and / E H p . Since (see (22| (for bounded Vilenkin systems)) 

(8) || <JM h f ~ f\\p -t 0, when k ->• oo 
SM N &M N f = ®m n S Mn f and S Mn I is martingale, we obtain 

(9) 

M p 

I \cr n SM N f - Sm n I\\ p = II <?M N SM N f - S MN f\\p ->• o, when k -A oo. 

It follows that under condition ([5]) we have 

|Wnf ~ f\\ p -t 0, when n-> oo. 

Which complete the proof of Theorem 1. 

Proof of Theorem 2. At first we consider case 0 < p < 1/2. Let 

M , 1/p_1 

(ik = —^— \^M k +1 — -Dm*.) , 

where A = sup raGN m n . It is easy to show that ak are p-atoms. 

We set 

A 


/ H, = E- 


A 


ri/p-2 


CLi • 


Using Theorem W (see [ 13 ) we conclude that martingale / E H p . 
On the other hand 

( 10 ) f-s M J 

= (o,0, - / W,- /W,...) 


n+/c 




a.i 


i=n +1 Mi 


1/p—2 ’ 


, fcEN + 
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is martingale. Applying Theorem W and (1101) we get 


1 1 

-/>«,< E — < 


l\/[ Vp 2 VfVP 2 
i=n+l lvl i lvl n 


= O 


mV v 2 , 


By simple calculation we have 


(11) /(j) = 


Mi , if j € {Mj, ...,M i+1 - 1} , i = 0,1,... 

OO 

0 , if H U {M,,...,M i+1 -l}. 


i=0 


Combining |5]) and dill) we can write 
limsup ||<JMfc+i/ — 

/c—>-oo 

y n A4 <JM k f $M k (f ) M k WM k +1 Mkf 

= limsup || —^—|- -^ + 


/ 


/c—>-oo M k + 1 M k + 1 M k + 1 M k + 1 M k + 1 p, °° 

M k 


> lim sup 


■IkM* 


fc-oo* M k + 1 

-limsup ||cr Mfc / - /||l - limsup 1 II S Mk f ~ fh P , a 

k —^oo M k + 1 fc-s-oo M k + 1 


> lim sup ■ 


M k 


> c > 0. 


k—> oo M k + 1 
Now prove second part of Theorem 2. Let 

A 


f (A> = Eis**. 
2=1 2 


where 


CEr ? ; — 


M 2 Mi 

A 


Dm- 


2 M ;+1 


Dm2Mi ) 


and A = sup neN m n . 

Analogously, we conclude that / € Hi/ 2 and 


i=[ logn/2] 1 


Hence 

( 12 ) o qM J-f = 


M 2 M k CTM 2M Af) . 1 




lM k 


■ + ■ 


E v- 


M 2Mk f QM k —lf 


qMk j=M 2 M k +1 


<?M fc 




It is easy to show that 

M 2 m. 


(13) /(j) = 


-^rS if j G {M 2 M i; ...,M 2 m < +i — 1} , * = 0,1,... 

V1 i 

OO 

0 , if j £ u {M 2 Mh •••) M 2 Mi+i - 1 } ■ 

i=0 
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Let M 2Mk < j < qM k • Since D j+M2Mk = D M 2Mk + w M 2Mk D j > wlien 3 < 
M 2 M k using (fT3l) we have 


Sj/ = f( V ) W v = S M 2 M k f + - 


v=M„ 


Ml 


and 


<lM k 


E s if 




i ^2 M k M 


QM k 


+ 


<lMk M k 


E A 


j =i 


q Mk -iS M2Mk f , M 2Mk w M qM k -i KqM k -i 


+ 


QM k 

Using (fT2j) we get 

(14) Wa.Mj-fWl^y—Wq^K, 


<lMk M l 


H 1 / 2 

4M k -ill 1/2 


A'L 


2 M fc 


1 


1/2 


kM 9M , / — /lli/2 — 


<?M fc 


1/2 


1/2 




qM k J Jl11 / 2 

Let x £ / 2 s+i (s 2 ke 2 k + s 2rj e 2ll ), 1 < s 2r] < m 2v — 1 and 1 < S 2 fc < "i 2 fc — 1, 
77 = 1,Mfc — 4, s = rj + 2 ,17 + 3,Mfc — 2. Applying (J2J) we have 


We can write 


QMk-l 


^-QM k -l i X ) 


^ M 2 r]M 2s 

- 4 


(15) 


qM k —\Kq Mk -i 


1/2 


d/r 


> 


JGr, 

M k -4 Mfc—2 

E E / , + , 

s=r? _|_2 ' / - / 2s+ 1 ( s 2fce2fc+S2Ze20 
Mfc-4 Mfc-2 


9Mfc— lKq Mk -1 


1/2 


> 


1 


i E E 2M „ 

77=1 s= 7 y +2 

Combining (jEJ), (I14II15I) we have 


\/ M 2s M 2r] > cMk■ 


limsup||(J 9M / — / 1 | 1/2 >c> 0 . 


k —^00 


Theorem 2 is proved. 
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